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The Zoo 

 Ape       Bat        Chameleon 
 
 
 
 72 visitors/day = income 
 
 How to share? 
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1. List all rank orderings of players 
r 

A, B, C 

A, C, B 

B, A, C 

B, C, A 

C, A, B 

C, B, A 



2. Take from ABC in this order 

r -1st .. 

A, B, C ABC BC C  

A, C, B ABC BC B  

B, A, C ABC AC C  

B, C, A ABC AC A  

C, A, B ABC AB B  

C, B, A ABC AB A  



3. Fill in worths 
r -1st .. 

A, B, C ABC BC C  

A, C, B ABC BC B  

B, A, C ABC AC C  

B, C, A ABC AC A  

C, A, B ABC AB B  

C, B, A ABC AB A  
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48 54 
30 

All together: 72 



r -1st .. 

A, B, C 72 BC C  

A, C, B ABC BC B  

B, A, C ABC AC C  

B, C, A ABC AC A  

C, A, B ABC AB B  

C, B, A ABC AB A  

3. Fill in worths 



r -1st .. 

A, B, C 72 BC C  

A, C, B ABC BC B  

B, A, C ABC AC C  

B, C, A ABC AC A  

C, A, B ABC AB B  

C, B, A ABC AB A  

3. Fill in worths 



r -1st .. 

A, B, C 72 BC C 0 

A, C, B ABC BC B  

B, A, C ABC AC C  

B, C, A ABC AC A  

C, A, B ABC AB B  

C, B, A ABC AB A  

3. Fill in worths 



r -1st .. 

A, B, C 72 BC C 0 

A, C, B ABC BC B  

B, A, C ABC AC C  

B, C, A ABC AC A  

C, A, B ABC AB B  

C, B, A ABC AB A  

3. Fill in worths 



r -1st .. 

A, B, C 72 BC C 0 

A, C, B 72 BC B 0 

B, A, C 72 AC C 0 

B, C, A 72 AC A 0 

C, A, B 72 AB B 0 

C, B, A 72 AB A 0 

3. Fill in worths 



r -1st .. 

A, B, C 72 BC C 0 

A, C, B 72 BC B 0 

B, A, C 72 AC C 0 

B, C, A 72 AC A 0 

C, A, B 72 AB B 0 

C, B, A 72 AB A 0 

3. Fill in worths 



r -1st .. 

A, B, C 72 BC C 0 

A, C, B 72 BC B 0 

B, A, C 72 AC C 0 

B, C, A 72 AC A 0 

C, A, B 72 AB B 0 

C, B, A 72 AB A 0 

3. Fill in worths 
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All together: 72 



r -1st .. 

A, B, C 72 30 C 0 

A, C, B 72 BC B 0 

B, A, C 72 AC C 0 

B, C, A 72 AC A 0 

C, A, B 72 AB B 0 

C, B, A 72 AB A 0 

3. Fill in worths 



r -1st .. 

A, B, C 72 30 C 0 

A, C, B 72 BC B 0 

B, A, C 72 AC C 0 

B, C, A 72 AC A 0 

C, A, B 72 AB B 0 

C, B, A 72 AB A 0 

3. Fill in worths 
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18 

48 54 
30 

All together: 72 



r -1st .. 

A, B, C 72 30 18 0 

A, C, B 72 BC B 0 

B, A, C 72 AC C 0 

B, C, A 72 AC A 0 

C, A, B 72 AB B 0 

C, B, A 72 AB A 0 

3. Fill in worths 



r -1st .. 

A, B, C 72 30 18 0 

A, C, B 72 .. .. 0 

B, A, C 72 .. .. 0 

B, C, A 72 .. .. 0 

C, A, B 72 .. .. 0 

C, B, A 72 .. .. 0 

3. Fill in worths 



r -1st .. 

A, B, C 72 30 18 0 

A, C, B 72 .. .. 0 

B, A, C 72 .. .. 0 

B, C, A 72 .. .. 0 

C, A, B 72 .. .. 0 

C, B, A 72 .. .. 0 

3. Fill in worths 



24 

12 

18 

48 54 
30 

All together: 72 



r -1st .. 

A, B, C 72 30 18 0 

A, C, B 72 .. .. 0 

B, A, C 72 .. .. 0 

B, C, A 72 54 24 0 

C, A, B 72 .. .. 0 

C, B, A 72 .. .. 0 

3. Fill in worths 



r -1st .. 

A, B, C 72 30 18 0 

A, C, B 72 .. .. 0 

B, A, C 72 .. .. 0 

B, C, A 72 54 24 0 

C, A, B 72 .. .. 0 

C, B, A 72 .. .. 0 

4. Determine marginal contributions 

42 12 18 

.. .. .. 

.. .. .. 

24 18 30 

.. .. .. 

.. .. .. 



r -1st .. 

A, B, C 72 30 18 0 

A, C, B 72 30 .. 0 

B, A, C 72 54 18 0 

B, C, A 72 54 24 0 

C, A, B 72 48 12 0 

C, B, A 72 48 24 0 

4. Determine marginal contributions 
A B C 

42 12 18 

42 .. .. 

36 .. .. 

24 18 30 

36 .. .. 

24 .. .. 



r 
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A, C, B 

B, A, C 

B, C, A 

C, A, B 

C, B, A 
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r 

A, B, C 

A, C, B 

B, A, C 

B, C, A 

C, A, B 

C, B, A 

5. Take the average A 

42 

42 

36 

24 

36 

24 
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r 

A, B, C 

A, C, B 

B, A, C 

B, C, A 

C, A, B 

C, B, A 

A 

42 

42 

36 

24 

36 

24 

204  
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  orders rR 



r 

A, B, C 

A, C, B 

B, A, C 

B, C, A 

C, A, B 

C, B, A 

A 

42 

42 

36 

24 

36 

24 
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Shapley formula 

 go over all rank  
  orders rR 
 take average   
 Marginal  
 Contributions MCA (r) 



r 

A, B, C 

A, C, B 

B, A, C 

B, C, A 

C, A, B 

C, B, A 

A 

42 

42 

36 

24 

36 

24 

204  

Shapley formula 

 go over all rank  
  orders rR 
 take average   
 Marginal  
 Contributions MCA (r) 

rR 

1 
#R 

 MCA (r) 
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Why Shapley value? 

  If player improves on MCs 
     gets more 

ShA = rR 

1 
#R 

 MCA (r) 

Monotonicity: 
  MCA        outcome  
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   It is the Shapley value. 



Why Shapley value? 

THEOREM (Young 1985): 
   Only one formula satisfies 
   Monotonicity (*). 
   It is the Shapley value. 

(*) and treats equal players equally 
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Linear regression 

y = 0 + 1x1 + 2x2 + 3x3 +  

 R²  
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How to decompose R²  
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1 

R²(1) 

y = 0 + 2x2 +  
2 
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How to decompose R²  
y = 0 + 1x1 + 2x2 + 3x3 +  

y = 0 + 1x1 + 2x2 +  

y = 0 + 1x1 + 3x3 +  

y = 0 + 2x2 + 3x3 +  

y = 0 + 1x1 +  

y = 0 + 2x2 +  

y = 0 + 3x3 +  
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How to decompose R²  
 
 For STATA 
   

http://www.uni-leipzig.de/~rego 
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Cooperative Game Theory 
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Possibilities 
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payoffs 

Assume: 
they work together 

Exogenous 
groups 

Owen 
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The Zoo 
       Ape       Bat        Chameleon 
 
 
 

 
 Groups:  Mamals     Reptiles  
 



Shapley & Owen value 

RP contains only rank orderings 
respecting the partition 

ShA = rR 

1 
#R 

 MCA (r) 

rR 

1 
#RP 

 MCA (r) 
P 

OwA= 



1. List all permutations of players 

A, B, C 

A, C, B 

B, A, C 

B, C, A 

C, A, B 

C, B, A 

X 
X 



24 

12 

18 

48 54 
30 

OwA=34.5   OwB=16.5     OwC= 21 

ShA = 34      ShB = 16    ShC = 22 



Why Owen value? 
THEOREM (Khm & Yan 2007): 
   Only one solution satisfies 
   Monotonicity   
   + treats equal players equally 
   + treats equal groups equally. 
   It is the Owen value. 



Why Owen value? 
THEOREM (Khm & Yan 2007): 
   Only one solution satisfies 
   Monotonicity   
   + treats equal players equally (°) 
   + treats equal groups equally. 
   It is the Owen value. 

(°) players from different groups  
    are now unequal 



Exogenous groups for OLS 
 Polynomials (exp, exp² ) 
 
 Dummy variables 
 
 Conceptually related variables 
  - By theory (Solow model) 
  - By notion (socio-economic 
       status; savings and investments) 



Income =  



Frank Huettner and Marco Sunder:  
 
Axiomatic arguments for decompo-sing goodness of 
fit according to Shapley and Owen values 
 
in:  
Electronic Journal of Statistics, forthcoming. 

Income =  



THANK 
YOU 



Nice to have 
y = 0 R²(Ø) = 0 


